Analytical solution of the KleinGordon equation under the equal scalar and vector PöschlTeller double--ring-shaped Coulomb potentials is obtained. We have used the NikiforovUvarov method in our calculations. The radial wave function in terms of the Laguerre polynomials is presented and the angular wave functions are expressed in terms of the Jacobi polynomials. We have also considered some special cases of the PöschlTeller double-ring--shaped Coulomb potential and represented the energy eigenvalues and the corresponding wave functions.
Introduction
Although the central potentials have had great predictions in various physical elds, they fail in some places including in the study of deformed nuclei or particular molecular congurations like benzenes. This has motivated a modication of successful central interactions proper angle-dependent ones. On the other hand, the PöschlTeller [1] stands as a good candidate in nuclear and molecular physics [217] . It has also well accounted for many recent studies in the quantum potential model such as excitons, quantum wires, and dots [1822] . Such encouraging results have arisen some studies on the potential within the frame work of common wave equations of both nonrelativistic and relativistic wave equations, i.e. including the Schrödinger, Dirac, DunKemmer Petiau (DKP), or KleinGordon equations [2338] . In such studies, except for the s-wave solutions, approximate techniques are inevitable due to the inverse square centrifugal term. In our study, we consider the Klein Gordon equation [39] under the PöschlTeller double--ring-shaped Coulomb potential [40, 41] :
where
and The KleinGordon equation in the presence of vector potential V (r) and scalar potential S(r) is written as ( = c = 1) [11] :
wherep is the momentum operator, E is the energy, and M is the rest mass of the particle. Under the condition of equal scalar and vector potentials, Eq. (3) becomes
By considering the wave function as below [40] :
and substituting Eq. (5) into Eq. (4), after separation of variables, we obtain the decoupled dierential equations for R(r), H(θ) and K(ϕ) as
where m and l are the separation constants.
Solution of the azimuthal part
To obtain the solution of Eq. (8), we introduce z = sin 2 (αϕ) which brings Eq. (8) to the form
To solving Eq. (9), we use the NU method given compactly in Appendix A. Comparison of Eq. (9) with Eq. (A.1) reveals the correspondence
Thus, from Eq. (A.3), we simply nd the other parameters as
As a result, Eqs. (A.2) and (A.3) give the energy relation as
The corresponding wave function is
Solution of the polar part
Letting x = sin 2 θ, brings Eq. (7) into the form
By the same token of the previous subsection, the eigenfunctions of the polar part are expressed in terms of the Jacobi polynomials as
The energy relation in this case is
Solution of the radial part
Our starting square for the radial coordinate is
Again by using the NU method, we can nd the energy eigenvalues equation and eigenfunctions as
As the nal point, the total wave function is
3. Some special cases
In this section, we are going to study two special cases of the PöschlTeller double-ring-shaped Coulomb potential and their corresponding eigenvalues and eigenfunctions by choosing approximate parameters in this potential.
Hartman potential
As we mentioned in Introduction, by choosing A = C = D = 1, the PöschlTeller double-ring-shaped Coulomb potential turns into the Hartman potential
In this case we obtain the following equations for the energy eigenvalues and the corresponding eigenfunctions:
where we have
Double-ring-shaped Coulomb potential
If we choose C = D = 1, the PöschlTeller double-ring-shaped Coulomb potential changes into the double-ring--shaped Coulomb potential
The energy eigenvalues and the corresponding eigenfunctions of the latter have the form
with
Conclusion
We obtained the exact solution of the radial and angular parts of the KleinGordon equation for PöschlTeller double-ring-shaped Coulomb potential using the NU method without having to do the cumbersome numerical steps. We have also studied some special cases of this potential. Our straightforward study can be simply understood even by the unfamiliar or undergraduate readers. Due to application of this potential in quantum chemistry and nuclear physics, our solutions can be used within these elds with the requisite modications done. is the Jacobi polynomial.
